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1 Introduction 



Let E he a. Lusin topological space, i.e., a homeomorph of a Borel subset of a compact 
metric space, with the Borel a-algebra B{E). Let B{E) denote the set of bounded B{E)- 
measurable functions on E, and B{E)^ the subspace of B{E) of non-negative functions. 
We denote by M{E) the space of finite measures on {E, B{E)) endowed with the topology 
of weak convergence. For / G B{E) and G M{E), write fi{f) for /d/i. Suppose that 
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{Pt)t>o is the transition semigroup of a Borel right process ^ with state space E and ■) 
is a branching mechanism given by 

POO 

(f){x,z) = b{x)z + c{x)z'^ + / (e"^" - 1 + zM)m(x, dw), xeE,z>0, (1.1) 

Jo 

where b G B{E), c G B{E)~^ and (u A u^)m{x, du) is a bounded kernel from £" to (0, oo). 
Then for each / G B{E)^ the evolution equation 

Vtfix) + fds [ (f){y, Vsf{y))Pt^s{x, dy) = PJ{x), t>0, xeE, (1.2) 

Jo J E 

has a unique solution Vtf G B{E)^, and there is a Markov semigroup (Qt)t>o oii M{E) 
such that 

/ e-^(^)Qi(/i, di/) = exp {-fiiVJ)} (1.3) 
7m(_e) 

for all t > 0, /i G M{E) and / G B{E)^ . A Markov process X having transition semigroup 
{Qt)t>o is called a Dawson- Watanabe superprocess with parameters (^,0). Under our 
hypotheses, X has a Borel right realization; see Fitzsimmons ^Tj and H!^. The (^,0)- 
superprocess is a mathematical model for the evolution of a population in some region; see 
e.g. Dawson P| and 0. If we consider a situation where there are additional sources of 
population from which immigration into the region occurs during the evolution, we need 
to introduce branching processes with immigration. This type of modification is familiar 
from the branching process literature; see e.g. [T], [Sj, [S], [HIl, [21] and 

A class of measure-valued immigration processes were formulated in Li as fol- 
lows. Let {Nt)t>o be a family of probability measures on M{E). We call {Nt)t>o a skew 
convolution semigroup associated with X or {Qt)t>o provided 

Nr+t = (NrQt) * Nt, r,t>0, (1.4) 

where "*" denotes the convolution operation. The relation ()1.4|) is satisfied if and only if 

Qf (/i, ■) := Qtifi, ■)*Nt, t > 0, /i G M{E), (1.5) 

defines a Markov semigroup {Q^)t>o on M{E). A Markov process is called an immigration 
process associated with X if it has transition semigroup {Q^)t>o- The intuitive meaning 
of the immigration process is clear from p.5|) . that is, QtifJ^,-) is the distribution of 
descendants of the people distributed as G M{E) at time zero and Nt is the distribution 
of descendants of the people immigrating to E during the time interval (0, t]. Clearly, ()1.5j) 
gives the general formulation for the immigration independent of the inner population. 

Needless to say, most of the theory of Dawson- Watanabe superprocesses carries over 
to their associated immigration processes and could be developed by techniques very 
close to those in P] and [4 . It is interesting, however, that the immigration processes 
have many additional structures, as might be expected from (|1.4|) and (|1.5p . Note that 
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()1.5|) is quite similar to the construction of Levy's transition semigroup from a usual 
convolution semigroup. It is well-known that a convolution semigroup on the Euclidean 
space is uniquely determined by an infinitely divisible probability measure. As shown in 
Li 123; the skew convolution semigroup may be characterized in terms of an infinitely 
divisible probability entrance law. Therefore, the immigration process may be regarded 
as a generalized form of the celebrated Levy process. Other examples of immigration 
processes are squares of Bessel diffusions and radial parts of Ornstein-Uhlenbeck diffusions; 
see [21] and jHSl- The above formulation also includes new kinds of processes; see j^E], 
[2lj and [2H]. 

In the immigration models studied before, authors usually assumed that the immi- 
grants came to E according to a random measure on M x E. The scenes are not quite 
clear under the skew convolution semigroup formulation. This weak point has in fact mo- 
tivated the present work. The main purpose of this paper is to give interpretations of the 
skew convolution semigroups by constructing and analyzing the trajectories of the related 
measure-valued immigration processes. We first prove that a general inhomogeneous skew 
convolution semigroup may be decomposed into three components which involve respec- 
tively a countable family of entrance laws, a countable family of closed entrance laws, and 
a continuum family of infinitely divisible probability entrance laws together with a diffuse 
measure on the index space. Then we give a construction for the immigration process 
defined above by picking up measure-valued paths with random times of birth and death. 
Our construction is based on the observation that any skew convolution semigroup is 
determined by a continuous increasing measure- valued path {'~ft)t>o and an entrance rule 
iGt)t>o- This fact yields a natural decomposition of the immigration into two parts; the 
deterministic part represented by {'yt)t>o and the random part determined by {Gt)t>o- 
The latter is usually an inhomogeneous immigration process and can be constructed by 
summing up paths {wt : a < t < P} in the associated Kuznetsov process; see Kuznetsov 
|22j . By analyzing the asymptotic behavior of the paths {wt : a < t < jS} near the birth 
time a = a{w), we show that almost all these paths start propagation in an extension E]^ 
of the underlying space, including those growing up at points in this space from the null 
measure. Those combined with our construction of the immigration process give a full 
description of the phenomenon. In some special cases, the infinitely divisible entrance law 
for the 0)-superprocess corresponds to a cx-finite entrance law and the associated im- 
migration process can be constructed using a homogeneous path-valued Poisson random 
process whose characteristic measure is the Markov measure determined by the entrance 
law. The construction has been proved useful in studying the immigration processes; see 
e.g. |26j, 1221 and [321 • As additional applications of the construction, we give formula- 
tions of some well-known results on excessive measures in terms of stationary immigration 
processes. 

The paper is organized as follows. The next section contains some preliminaries. 
In section 3, we prove the decomposition theorem for inhomogeneous skew convolution 
semigroups. The construction of immigration processes using Kuznetsov processes is given 
in section 4. Almost sure behavior of the Kuznetsov processes is studied in section 5. In 
section 6, we discuss stationary immigration processes determined by excessive measures. 
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2 Preliminaries 



Recall that M{E) is the space of finite Borel measures on the Lusin topological space E. 
It is well-known that M{E) endowed with the weak convergence topology is also a Lusin 
space. Let M{E)° = M{E) \ {0}, where denotes the null measure. For a probability 
measure F on M{E) we define its Laplace functional by 

Lpif) := [ e-'^^f^Fidu), f G (2.1) 
Jm{e) 

which determines F uniquely. It is well-known that F is infinitely divisible if and only if 
L^(/) = exp{-r^(/)- / (l-e-'^(^))ff(dz/)|, feB{E)+, (2.2) 

J M{E)° ^ 

where r] G M{E) and [1 A i'{E)]H{di') is a finite measure on M{E)°. See e.g. Kallenberg 
[20] • We write F = I{t], H) if F is determined by (Q. 

Suppose that X = {W,Q ,Qr,t, Xt,Q^^^) is a Markov process in M{E) with transition 
semigroup {Qr,t)r<t- Let 

Vr,tf{x) := - log / e-^(^)Q,,i(4, dz/), r<t, xeE, fe B{Ey , (2.3) 

JM{E) 

where 5^ denote the unit mass concentrated at x G -E". In this paper, we always assume 
that, for each r <t and / G B{E)~^, the function Vs^tf{x) of (s,x) restricted to [r,t] x E 
is bounded and measurable. We also assume that Vr^tf{x) is right continuous in t > r for 
/ G C{E)^, continuous functions in B{E)~^. The process X is called a measure-valued 
branching process (MB-process) if its transition semigroup satisfies 

/ e-'^(^)Q,,i(/i,dz/)=exp{-/i(K,J)}, r<t,feB{E)+. (2.4) 
Jm(e) 

Under this hypothesis, Qr,t{fJ', •) is infinitely divisible and (K,t)r<t form a family of oper- 
ators on B{E)~^ satisfying = K-,t for all r < s < t, which is called the cumulant 
semigroup of X. See e.g. Silverstein [31] and Watanabe [33]. The (^, 0)-superprocess 
defined in the introduction is a special form of the MB-process. 

Suppose that {Qr,t)r<t is the transition semigroup of an MB-process and {Nr^t)r<t is a 
family of probability measures on M{E). We call (A^r,t)r<t a skew convolution semigroup 
(SC-semigroup) associated with {Qr,t)r<t if 

Nr,t = {Nr,sQs,t) * Ns,t, r<s<t. (2.5) 

Theorem 2.1. The equation \2. 5j) is fulfilled if and only if 

g,^,(/x, ■) := Q,,i(/x, ■) * iV,,,, r<t, i^e M(E), (2.6) 
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defines a Markov semigroup {Q^^)r<t on M{E). 

Proof. Let {Qr,t)r<t and {Q^t)r<t be given by ()2.4p and ()2.6|) . respectively. It is not 
difficult to check that ()2.5|) is equivalent to the Chapman-Kolmogorov equation 

QrM ■)= I QrM^ di/)Q ^(z/, ■), r < s < t, /i e M(E), 

J M{E) 

from which the assertion follows. □ 

Let T be an interval and {Nr^t)r<t be an SC-semigroup associated with {Qr,t)r<t- If 
{Y : t G T} is a Markov process having transition semigroup iQr,t)r<t defined by ()2.6p . 
we call it an immigration process associated with X. (Of course, SC-semigroups and 
immigration processes can also be formulated for some more general classes of Markov 
processes with state spaces possessing semigroup structures.) 

It is known that a metric g can be introduced into E so that the Borel tx-algebra on 
E induced by g coincides with its original Borel cx-algebra; see e.g. Cohn [3 p275]. We 
write M{Eg) for the set M{E) furnished with the topology of weak convergence on [E, g). 
Then M{Eg) is locally compact and metrizable. Let D{Eg)^ be a countable dense subset 
of the space of strictly positive continuous functions on {E, g). 

Lemma 2.2. Let {F„ : n = 1, 2, ■ ■ ■} be a sequence of probabilities on M[E). If the limit 

L(/):= limL^„(/), / G (2.7) 

n— >oo 

exists and L{f) 1 as / — » 0, then there is a probability measure F on M{E) such that 
Lplf) = L{f) for all f G D{Eg)^ . Moreover, if each Fn is infinitely divisible, so is F. 

Proof. Let M{Eg) := M(£'g)U{oo} denote the one point compactification of M{Eg). Then 
the sequence {Fn} viewed as probabilities on M{Eg) is relatively compact. Let {-Fn^} be 
a subsequence of {Fn} which converges to some probability measure F on M{Eg). By 
(|2.7p and bounded convergence, we have 

L{f) = [ e-^(^)F(di.), / G D{E,y, 

JM{Ee) 

where the integrand is defined as zero at oo by continuity. Since L{f) ^ 1 as / ^ 0, 
we have F{M{Eg)) = 1 and hence the ffist assertion follows. The second assertion is 
immediate. □ 

For any a G [— cxd,cx3), a family of a-finite measures {Kt)t>a on M{E) is called an 
entrance law (at a) for the semigroup {Qt)r<t if KrQr,t = Kt for alH > r > a. It is called 
a probability entrance law if each Kt is a probabihty measure. An entrance law {Kt)t>a is 
said to be closable if there is a cr-finite measure on M{E) such that Kf = KaQa,t for all 
t > a. In this case, {Kt)t>a is called a closed entrance law for {Qr,t)r<t- An entrance law 
{Kt)t>a is said to be minimal ii every entrance law dominated by {Kt)t>a is proportional 
to it. Those definitions are applicable to general transition semigroups under obvious 
modifications. 
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Example 2.1. Let Ti C iR be a countable set and {{Ks,t)t>s '■ s G Ti} be a family of 
probability entrance laws for {Qr,t)r<t- Suppose that 

s6[r,t)nTi 

for all r < t G iR. By Lemma 2.2 we may see that 

logL;v.,(/)= Yl ^^^Lk^M)^ r<t,feBiEy, (2.8) 

s€[r,t)nTi 

defines a probability measure Nr^t on M{E). It is simple to check that {Nr^t)r<t form an 
SC-semigroup. Suppose that for each s G Ti we have a Markov process {Xs^t)t>s with 
transition semigroup {Qr,t)r<t and one- dimensional distributions {Ks^t)t>s and that the 
family {(Xs,t)t>s : s G Ti} are independent. Then for any t > a the random measure 

Yr.= Yl 

se[a,t)nTi 

is a.s. well-defined and {Yf : t > a} is an immigration process corresponding to the 
SC-semigroup given by (j2.8p . 

Example 2.2. Let T2 C iR be a countable set and {{Ks^t)t>s '■ s G T2} be a family of 
closed probability entrance laws for {Qr,t)r<t such that 

- Y log^^..t(l) < 00 

s&{r,t]nT2 

for all r < t G iR. Then we may define an SC-semigroup {Nr^t)r<t by 

logL^,,(/)= Y ^^sLkM), r<t,fEBiEy. (2.9) 

s€{r,t]nT2 

The corresponding immigration process can be constructed similarly as in the last exam- 
ple. 

Example 2.3. Suppose that {Nrt)r<t is a family of probability measures on M{E) given 
by 

logL^„,,(/) = j\ogLKjmds), r<t, fe B{E)+, (2.10) 

where C{ds) is a Radon measure on iR and {{Ks^t)t>s '■ s G iR} is a family of infinitely 
divisible probability entrance laws for {Qr,t)r<t- Then {Nr^t)r<t is an SC-semigroup. 

Example 2.4. Suppose we have a probability space on which the two processes {X^ : 
t > 0} and {X^ : t > a} are defined, where {X/ : t > 0} is a superprocess with 
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parameters (^i,0i), and {Xf : t > 0} conditioned on {X/ : t > 0} is an immigration 
process corresponding to the SC-semigroup determined by 

logL^,,(/) = - fxs{VlJ)ds, r<t, fe B{E)+, 

where {V^)t>o is defined by (|1.2p with parameters (^2, 02)- Then {(X/, ) : t > 0} is also 
a Markov process. Intuitively, it describes the evolution of a population with two types 
of "particles" on E, where the second type can be produced by both of them; see Hong 
and Li ^H]. More general forms of multi-type sup erpro cesses were studied in Gorostiza 
and Lopez- Mimbela UHl! Gorostiza and Roelly ^Tj, Li j^Sli etc. 



3 Decomposition of skew convolution semigroups 

In this section, we prove a decomposition theorem for the inhomogeneous SC-semigroup, 
which appears even in the construction of homogeneous immigration processes. Let us 
consider the transition semigroup {Qr,t)r<t of an MB-process defined in the last section. 

Theorem 3.1. A family of probability measures {Nj.^t)r<t on M{E) form an SC-semigroup 
associated with {Qr,t)r<t if and only if 

iogL^,,(/) = Yl iog^/^i,(/)+ E ^^s^KiM) 

se[r,t)nTi se{r,t]nT2 

+ I'logL^iSmds), r<t, feB{E)+, (3.1) 

where Ti,T2 C M are countable sets, C(ds) is a diffuse Radon measure on M, {{Kl^)t>s '■ 
s e Ti} is a family of probability entrance laws, {{K^^)t>s : s e T2} is a family of 
closed probability entrance laws, and {{K^^)t>s '■ s e M} is a family of infinitely divisible 
probability entrance laws for {Qr,t)r<t- 

In principle, the entrance laws are obtained via applications of Lemma 2.2. The proof 
is a little tedious because we are not assuming the Feller property and the class D{Eg)^ is 
not preserved by the cumulant semigroup (K-,t)r<t- We shall break the proof into several 
lemmas. Suppose that {Nr^t)r<t is an SC-semigroup associated with {Qr,t)r<t and let 

Jr,t{f) = - log / e-^(^)X,,,(dz/), r<t, fe B{E)+. (3.2) 
Jm{e) 

Then the relation (|2.5p is equivalent to 

JrAf) = JrAVs,tf) + Js,t(/), r<s<t, fe B{E)+. (3.3) 

By (j3.3j) one sees that Jr,t{f) is a non-increasing function of r < t and Jt,t{f) =0. Then 
there is a Radon measure Gt{f, ■) on (— oo,t] such that Gt{f, {t}) = lim^it Jr,t{f) 

Gi(/,(r,s]) = limlim[J„,i(/) - J.^f)] = limlim J„,,(V;,t/), r < s < t. (3.4) 

vis uW vis uir 
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Lemma 3.2. (i) If f,g G B{E)^ and < g < cf for a constant c > 1, then Gt{g, ■) < 
cGtif, •)• (ii) Fort <u and f G we have G„(/,ds) = Gt{Vt,uf,ds) on (-oo,r). 

(in) For t <u and f G B{Ey , we have G„(/, ds) < (74(1, ds) on (-cx), t). 

Proof. For r < s < t < m, we use ()2.4|) . ()3.2|) and Jensen's inequality to see that 
Gt{g,{r,s\) = limlim J^„,„(K,t5') < limlim J^,^(V;,t(c/)) 

vis wlr vis wlr 

< climlim J^,^(V;,t/) = cGtif, {r, s]). 

vis wlr 

Similarly, we have Gt{g, {t}) < cGt{f, {t}). Then (i) follows. Let r < s < t < m. By (jUI) 
and the semigroup property of (K,t)r<t, 

Guif, (r, s]) = limlim J„,„(V;,tV^i,«/) = Gt{Vt^uf, {r, s]), 

vis wlr 

yielding (ii). Combining (i) and (ii) we have 

G„(/, (r, s]) = GtiVt^J, (r, s]) < m,J\\ + 1)G,(1, (r, s]), 

from which (iii) follows. □ 
Clearly, we have the unique decomposition: 

Mf) = JrAf) + JrAf) + JrAf)^ S < t, f G B{Ey , (3.5) 

where Jrtif) is a left continuous non- increasing step function, Jrtif) is a right continuous 
non- increasing step function and J^tif) is a continuous non- increasing function of r < t, 
and Jltif) = for i = 1,2,3. By the uniqueness, {J^^)r<t also satisfies equation ()3.3|) . 
Applying Lemma 2.2 we may get 

Nr,t = N^,*N^,*N^,, r<t, (3.6) 

where {N^^t)r<t is the SC-semigroup corresponding to the functional {Jl^t)r<t- Observe also 
that J}t{f) and Jgtif) yield atomic measures Gj(/, ■) and G^(/, ■) on {—oo, t], respectively, 
and Jg^tif) yields a diffuse measure G^(/, ■) on (— oo,t]. 

Lemma 3.3. There are countable sets Ti, T2 C M, probabihty entrance laws {{K^^)t>s '■ 
r G Ti} and closed probability entrance laws {{K'^^)t>r '■ r G T2} such that 

JrAf) = - E log^i^i..(/)' r<t,feB{Ey, (3.7) 

s£[r,t)nTi 



and 



JUf) = - E r<t,feB{EY. (3.^ 

se(r,t]nT2 
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Proof. Since the arguments are similar, we only give the proof of ()3.8|) . Recall that Jstif) 
is right continuous in s <t. Consequently, 

{.}) =i lim[4(/) - Jlif)] =i limJliV.J), f e B{Ey. (3.9) 

rjs r\s 

That is, 

exp{-G?(/, {s})} =T lim / e-'^^f^ N^.Q ^M^) , f G B{E)+. 
By Lemma 2.2 we see that 

exp{-G?(/, {.})} = / e-^^f^Klidu), f G D{E,)\ (3.10) 
Jm(£;) 

for a probability measure K'^^ on M{E). Let Q = {wj : i = 1, 2, ■ ■ ■} be a countable dense 
subset of M and let T2 be the collection of atoms of the measures {6*^.(1, ■) : z = 1, 2, ■ ■ ■}. 
By (nmH) and Lemma 3.2, 

logL^2^(/) = -G?(/,(r,t]) = logL^2^(/)+ J2 

sG{r,t)nT2 

first for / G D{Eg)^ and then for all / G B{E)^ . In particular, ()3.10|) also holds for 
/ G B(^)+. But, (jSH) implies that G2(/,{s}) = GliVsJ^is}). Then we must have 
Ks,sQs,t = for s < t, that is {Ks^t)t>s form a closed entrance law. If — logL^2^(/) > 0, 
then — logL^2^(l) > 0. By the continuity of Vt^u^ in u >t, 

Glil,{t}) = -logLj,.Jl) = -logL^.^(Vi,„l) > 

for some u & Q. Then we have t & Q and (j3.8p follows. □ 

Lemma 3.4. There is a diffuse Radon measure C(ds) on M such that Gl{f, ds) ^ C(ds) 
for allte R and f G B{Ey. 

Proof. Let Q = {ui : i = 1, 2, ■ ■ ■} be a countable dense subset of M and choose aj > 
such that 

00 

{ui - l,Ui]) < 00. 

1=1 

We may define a diffuse Radon (in fact finite) measure C on iR by 

00 

ads) = Y,ku.-i,u^]i^)Gla,ds), seM. (3.11) 

i=l 

If Gl{f,B) > for a Borel set B C (-00, t], then Gf{f, {ui - l,Ui) n B) > for some 
Ui G {—oo,t) n Q. Therefore, Lemma 3.2 implies that Gl^_{l, {ui — 1,-Ui) fl 5) > 0, and 
hence C{B) > 0. " □ 
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Lemma 3.5. The Radon- Nikodym derivative Gf{f,ds)/({ds) has a version Dg^tif) with 
the representation 

DsAf) = -logLF^.if), s<t, fe B{Ey, (3.12) 
where Fs^t is an inhnitely divisible probabihty measure on M{E). 

Proof. Let r < t and assume C{r,t] > to avoid triviality. We take an increasing 
sequence of ordered sets 7r„ = {sq, s", ■ ■ ■ , s"^^^-^} with r = Sg < Sq < ■ • ■ < s^j-^^ = t and 
lim„_,oo Sn = 0, where 5„ = maxjsj' — '■ 1 < i < m(n)}. Let JF„ be the a-algebra on 
(r, t] generated by {s^, si],---, (s;;,(„)_i, and let 



Gl{f, {sU, sr])/C(d, s^] if sU <s<sl and ({s^, s^] > 0, 
if s^_i < s < and ((Cd = 0- 



Then {Mn{f),J^n '■ n> 1} under the probability measure C(^?^]~^C is a martingale which 
is closed on the right by the Radon-Nikodym derivative (/, ds)/C(ds). But, since 
{JF„ : n > 1} generates the Borel cr-algebra on (r, t], M„(/)(s) converges as n — > oo to 
G^{f, ds)/({ds) for (-a.e. s G (r, t] by the martingale convergence theorem. Then we may 
find a set At C (— oo,t] with full ^-measure such that for any s E At there are sequences 
Tfc t -5 and Sfc i s satisfying 

G?(/, ds)/Cids) = hm G?(/, (rfc, Sfc])/C(rfc, s^], / G D(i?,)+. 

fc— >oo 

Clearly, Gf{f, (r^, Sfc]) = ^^^(K^^t/, (r^, s^]) goes to zero as ^ oo. It follows that 

GKf.ds) ^ ^.^ l-exp{-a,(K,,/,(rfc,gfc])} 
C(ds) k^oo ((rfc, Sfc] 

= hm— ^/ (l-e-^(/))iV,,,.,Q.,,(di.) (3.13) 
fc-^oo C(rfc,SfcJ yM(£;)° 

for / G D[Eg)^ . On the other hand, since 

r[G?(/,d.)/C(d.)]C(ds) = - log / e-'^(/)iV3,(dz.), 

choosing a smaller full ^-measure set At C (— oo,t] we may get G^(/, ds)/C(ds) | as 
/ I for all s E At. By (|3.13|) and Lemma 2.2 there are infinitely divisible probability 
measures {Fg t '■ s G At} such that 

GUf,ds)/C{ds) = -\ogLFjf), seAt, fe D{E,)+. 

Setting Fg^t = 5o for s G (— oo, t] \ we have 

G?(/,(r,t]) = -log / e-'^(^)iV3,(di.) = - flogLp^^fXids), 

J M(E) Jr 
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first for / G D{Eg)+ and then for all / G B{E)+. □ 

Lemma 3.6. There are infinitely divisible probability entrance laws {{Ks t)t>s '■ s G M} 
for the semigroup {Qr,t)r<t such that 

4tif) = - f^ogLK^mds), t>r, fe B{E)+. (3.14) 

J r 

Proof. By Lemma 3.2 we have G'Kf, ds) = G^{Vr^tf, ds) for s < r <t. It follows that 
DsAf) = Ds,riVr,tf), C-a.e. s G (-oo,r]. 

Let A denote the Lebesgue measure on IR. By Fubini's lemma, there is a set B{f) C M 
with full C-nieasure and sets Cs{f) C [s, oo) and Cg^f) C [r, oo) with full A-measure such 
that 

Ds,tU) = DsAVr,tf), s G B{f), r G t G 

By Lemma 3.5, Dg t and D^.r ° are determined by their restrictions to the countable 
class D{Eg)~^. Then for a set 5 C iR with full C-measure and sets Cg C {s,oo) and 
Cs,r ^ (r, cx)) with full A-measures we have 

Ds,t = Ds^r o Vr,u seB, reCs, te Cs,r, (3.15) 

as operators on B{E)^. For any s E B, choose a sequence {sk} C with | s. By 
(ITTHll we get 

By Lemma 3.5 and our assumptions, Ds^sk(^sk,tf) and Ds,sk+i(^sk+i,tf) are right continu- 
ous in t > Sk+i for / G C{E)~^. Then we have 

^s,., O K„i = O t > Sfc, (3.16) 

as operators on B{E)^ . For t > s we take some G (s, t) and let Jg^f = Ds^sk°'^sk,ti which 
is independent of the choice of Sk by ()3.16|) . Correspondingly, let be the infinitely 
divisible probability measure on M{E) given by Lemma 3.5 and let Kg^t = Fs,SkQsk,t, 
which is independent of Sk ether. Clearly, {KsAt>s form an entrance law for {Qr,t)r<t and 

Is,t = -logi^F.,., o Vs„t = -\ogLK,Af), t > s. (3.17) 

From ()3.15p we have Ig^t = Dg^t for A-a.e. t G (s, oo). If s E 1R \ B, we define Ig^t = for 
all t > s. Then Fubini's lemma yields the existence of a set f/ CM with full A-measure 
such that for each t G ?7 we have Is,t = Ds,t for (-a.e. s G (— oo,t). Consequently, if 
teU, 

JrAf) = GKf, ir,t]) = 1^ hAmids), r<t, fe B{E)+ . (3.18) 

11 



Recall that both ( and (/, •) are diffuse measures. For t E ]R\U we choose a sequence 
{tk} C U with tk T t. By fnnH|l and Lemma 3.2, 

4,U-) = lim GKf, (tM) = lim Gl{Vt,,f, (r,4]) 



lim r Is,t,{V,,,mds) = lim T /,,(/)C(d.) 



k^QO 

I,,{f)C{ds), 

yielding the desired result. □ 

Proof of Theorem 3.1. It is easy to see that, if {Nr,t)r<t is given by ()3.1|1 . it satisfies 
()2.5|) . Combining ()3.5|1 and Lemmas 3.3 and 3.6 we see that any SC-semigroup has the 
decomposition ()3.1|1 . □ 

Let {Qt)t>o be the transition semigroup of a homogeneous MB-process. The following 
special case of Theorem 3.1 was proved in Li 



Theorem 3.7 (Li 25J). A family of probability measures {Nt)t>o on M{E) is an SC- 
semigroup associated with {Qt)t>o 3,nd only if there is an infinitely divisible probability 
entrance law {Kt)t>o for {Qt)t>o such that 

\ogL^,{f)= [\\ogLKAms, t > 0, / G (3.19) 
Jo 

□ 



4 Construction of immigration processes 

To make best use of the existing literature, we restrict in this and the subsequent sections 
to the transition semigroup {Qt)t>o of a homogeneous Borel right MB-process X. Let 
{Qt)t>o denote the restriction of {Qt)t>o to M{E)°. 

We first review some facts in potential theory; see e.g. Dellacherie et al jB] and 
Getoor [T3j. A family of a-finite measures {Jt)teM is called an entrance rule for {Q1)t>o 
if JsQt-s < Jt for t > s E M and JsQt-s ^ Jt d.s s ^ t. Note that an entrance law 
{Ht)t>r at r G [—oc, oo) can be extended to an entrance rule by setting Ht = for 
t < r. Let W{M{E)) denote the space of paths {wt : t G M} that are M(i?)°-valued and 
right continuous on an open interval {a{w), f3{w)) and take the value of the null measure 
elsewhere. The path [0] constantly equal to corresponds to {a, (3) being empty. Set 
a([0]) = +00 and /3([0]) = -cx>. Let {<3\Qt)t&iR be the natural a-algebras on W{M{E)) 
generated by the coordinate process. The shift operators {at : t G IR} on W{M{E)) are 
defined by atWs = Wt+s- To any entrance rule {Jt)teiR. there corresponds a unique a-finite 
measure on {W{M{E)),Q°) under which the coordinate process {wt ■ t G IR} is a 
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Markov process with one-dimensional distributions {Jt)teiR and semigroup {Q°)t>o- That 
is, 

< ti,Wt^ G dui, Wt2 G di/2, ■ ■■ ,Wt„ G dz/„, t„ < /3} 

= Jt,{dui)Ql_^^{ui,du2)---Qt„-t„-ii^n-i,di^n) (4.1) 

for all ti < ■ ■ ■ < t„ G iR and z/i, ■ ■ ■ , z/„ G M{E)°. The existence of this measure was 
proved by Kuznetsov [22]; see also Getoor and Glover [12]. The system {W{M{E)), Q°, Q^, 
Wt, Q^) is now commonly called the Kuznetsov process determined by {Jt)teRi aiid is 
called the Kuznetsov measure. We have the representation 

Jt = H_^,t + [ H,,tpids), t G iR, (4.2) 

where p{ds) is a Radon measure on M and {Hs^t)t&iR is an entrance law at s G [— c>o, 00). 
This representation yields 

Q\dw) = Q^^w) + / QXdw)p{ds), (4.3) 

J IR 

where Q^idw) is the Kuznetsov measure determined by {Hs^t)teiR', see [T^]. If {Jt)t£M 
is an entrance law at r G [—00,00), then is supported by Wr{M{E)), the subset of 
W{M{E)) comprising paths {wt : t G M} such that a{w) = r. In particular, if F is an 
excessive measure for {Q°)t>o and Jj = F, then Q'^ is stationary, that is, o a^^ = 
for all t G iR. 

Now suppose that {Jt)t€M is an entrance rule for {Q1)t>o with the representation ()4.2p 
and iV'^(dw) is a Poisson random measure on W{M{E)) with intensity Q'^(dw7). It is easy 
to see that 

Y/ := ! WtN\dw) (4.4) 

Jw(M(E)) 

is a.s. well-defined for each t & M. 

Lemma 4.1. In the situation described above, {Y/ : t G IR\ is an immigration process 
corresponding to the (inhomogeneous) SC-semigroup {Nr,t)r<t defined by 

logL^,,(/) = - / / (l-e-''(^))if,,(dz/)p(ds), r<t,/GE(E)+. (4.5) 

J[r,t) Jm(E)° 

Proof. By ()4.3j) . for any bounded Borel function F on M{E) with -F(O) = 0, we have 

Q'{F{wty,r<a<t}= [ Hs,t{F)p{ds). (4.6) 

J[r,t) 

Then the results follow from ()4.(i|l and the Markov property of . □ 
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Let {Nt)t>o an SC-semigroup associated with {Qt)t>o which is given by ()3.19p . Suppose 
that Kt = lijit, Ht) and Nt = lijt, Gt) for t > and t > 0, respectively. 

Lemma 4.2. Let = for t < 0. Then {Gt)te]R is an entrance rule for {Q1)t>o- 

Proof. Recall that QtifJ', ■) is an infinitely divisible probability measure on M{E) for all 
t > and /i G M{E). Suppose Qt(4, ■) = /(At(x, ■), Ltix, ■))• By (Q, 

Gt = Gt-r + GrQt-r + / lr{dx) Lt-rix , ■) , t > r > 0, 

Je 

and hence GrQt^r < G^. From (|3.19|) we have 

so GrQ1_r T Ci as r I t. Therefore, {Gt)t(^M is an entrance rule. □ 

Now we give the construction of the immigration process corresponding to {Nt)t>o- 
The next theorem shows that, except the deterministic part {7^ : t > 0}, both the 
entering times and the evolutions of the immigrants are decided by a Poisson random 
measure based on the Kuznetsov measure Q'^ . 

Theorem 4.3. Let be defined by (d^) with J = G and let Yt = -ft + Y^ . Then 
{Yt : t > 0} is an immigration process with one- dimensional distributions {Nt)t>o and 
transition semigroup {Qf^)t>o- 

Proof. Suppose {Gt)teiR is represented by ()4.2p with Gs,t in place of Js,t- Then, for 
t > r > 0, 

/ G,,tp(ds) = / Gs,tp{ds)- Gr,sQt-rp{(is) 

J[r,t) J[0,t) J[0,r) 

= Gt — Gj-Qt^j. 

HAs- [ HsQUAs. (4.7) 



The relation Kg^t = KsQt yields 

ris+t= / ?7s(da;)At(x, ■), Hs+t= / ris{dx)Lt{x, ■) + HsQ^. (4.8) 
Je Je 

From the second equation in ()4.8j) we have 

Hs+t~rds - / HsQt_As = ds r]s{dx)Lt-r{x,-). 
Jo Jo Je 

Substituting this into ()4.7|) gives 

I G'p(ds) = / Hsds+ ds r/,(dx)Lt_^(x, ■) 
J[r,t) Jo Jo Je 

= Gt-r+ / 7r-(dx)Lt_,(x,-). (4.9) 
Je 
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Since {74 : t > 0} is deterministic, it is simple to check that {Yt : t > 0} is a Markov 
process with one-dimensional distributions {Nt)t>o- By Lemma 4.1 we have 

E[exp{-Yt{f)}\Y,:0<s<r] 

= exp|-y;^(W)-7i(/) 

-/ Pids) f (l-e-^(^))G,^(dz.)|. (4.10) 

J[r,t) JM{E)° 

Then we appeal the first equation in ()4.8j) to see that 

pt—r p 

It = I ?7sds+ ds ris{dx)Xt-r{xr) 



= 7t_r+ / 7r(dx)At_^(x, ■). (4.11) 
Je 

Combining (g^I), (pTTTl|l and (pTTT]l we get 

E[exp{-Yt{f)}\Y,:0<s<r] 

= exp { - YriVt^J) - 7t-.(/) - / (1 - e-'^(^)) Gt-Mu)}, 
^ Jm{e)° ■' 

that is, {Yf : t > 0} is a Markov process with transition semigroup {Qf)t>o- The theorem 
is proved. □ 

We next consider the semigroup {Qt)t>o of the (^, 0)-superprocess. Let IC^{Q) denote 
the set of probability entrance laws K = {Kt)t>Q for the semigroup {Qt)t>Q such that 

1 ds I v{E)Ks{Av) < 00. (4.12) 

Jo J M(E)° 

Let /C(P) be the set of entrance laws k = {iit)t>o for the underlying semigroup {Pt)t>o 
that satisfy Ks{E)ds < 00. For k G /C(-P), set 

St{Kj) = KtU) - f ds f 0(y,V;/(2/))/ti-s(dy), t > 0, / G B{E) + . (4.13) 
Jo Je 

Note that St{K, f) = fiiVtf) if {Kt)t>o is given by = pPt- The following theorem 
characterizes completely the set of infinitely divisible probability entrance laws for {Qt)t>o- 

Theorem 4.4 (Li [22] )• Any K G K}{Q) is inGnitely divisible if and only if it is given by 
log LKAf) = -St{K J)- [ {l-exp{-S,{vJ)})F{dv), (4.14) 

JlC{P) 

where k G /C(-P) and F is a a-finite measure on 1C{P) satisfying 

[ ds [ r]s{l)F{dr]) < 00. (4.15) 
Jo Jk.{p) 
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□ 

Let JC{Q°) be the set of entrance laws K for {Q1)t>o satisfying ()4.12|) . We can also 
give a general characterization for 1C{Q°) as follows. See also Dynkin |7|. 

Theorem 4.5. Any H G K,{Q°) can he represented as 



[ {1 - e^'-^f^) Htidu) 

J M(E)° 



[ (l-exp{-5i(r/,/)})F(dr/), t>0,feB{Ey, (4.16) 

JlC{P) 

where k G /C(-P) and F is a a-Gnite measure on /C(P) satisfying l\4.15]) . If, in addition, 

POO 

/ [sup|0(x,z)"^|]dz < cx) (4.17) 

for some constant a > 0, then A4.1b]) defines an entrance law H G IC{Q°) for any k, G /C(-P) 
and any a- finite measure F on /C(P) satisfying A4.15]) . 

Proof. UH e /C(g°), then {K)t>o = 1(0, Ht) (>o defines an infinitely divisible probability 
entrance law K G K}{Q). Thus the representation ^JQ) follows by (jHHl). If (jUTj) 
holds, there is a family of cr-finite measures {L((x, ■) : t > 0,x G £"} on M{E)° such 
that Qt{Sx, ■) = I{0,Lt{x, ■)); see Dawson 4, ppl95-196]. Using this one can show that 
an arbitrary infinitely divisible probability entrance law K G }C^{Q) may be given as 
{K)t>o = I{0,Ht)t>o for some H G }C{Q°). From pT4jl we know that (prf6jl defines the 
entrance law H G K,{Q°). □ 

Let H G K,{Q°) and let be corresponding the Kuznetsov measure supported by 
Wq{M{E)). If Nids^dw) is a Poisson random measure on [0, oo) x W{){M{E)) with 
intensity ds x Q^{dw), then 



l^t= / / Wt^,N{ds,dw), t>0, (4.18) 

defines an immigration process corresponding to the SC-semigroup {Nt)t>Q given by 

logL^,{f) = - fds [ {l-e-'^f^)H,{du), t>0,feB{Ey. (4.19) 
Jo Jm(e)° 

Clearly, ()4.18|1 is essentially a special form of ()4.4|1 . This construction has been used in 
[W, [29^ and jHZI- It is simple to see from Theorems 3.7, 4.4 and 4.5 that, under condition 
(I4.17|) . any homogeneous immigration process associated with the (^, 0)-superprocess can 
be constructed in the form ()4.18|) . Another related work is Evans pil|, where a conditioned 
(^, 0)-superprocess was constructed by adding up masses thrown off by an "immortal 
particle" moving around as a copy of S,- 
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The construction using Kuznetsov process makes it possible to generalize some existing 
results for 0)-superprocess to the immigration process. As an example, let us give a 
characterization for the "weighted occupation time" of the immigration process by using 
the construction (j4.18p . For simplicity we only consider a special case. It is known that 
if X is a 0)-superprocess, then 

Q^expj -X,(/) - j\s{9)ds} = exp {-^{Vt{f, g))} , f,g G B{E)+, (4.20) 
where Vt{f,g){x) = Ut{x) is the solution to 

ut{x)+ [ ds [ <j){x,Us{y))Pt-six,dy) = Ptfix) + [ Psg{x)ds, t > 0; (4.21) 
Jo Je Jo 

see e.g. Fitzsimmons ^T] and Iscoe JH]- The formulas ()4.20|) and ()4.2H) characterize 
the joint distribution of Xt and the weighted occupation time Xgds. By Theorems 3.7 
and 4.4 we know that 

/ e-^(^)g,^(^,dz/)=exp|-/i(V^t/)- t Sr{t^,f)dr}, t > 0,f e B{E) + , {A.22) 
Jm{e) Jo ^ 

defines the transition semigroup {Qt)t>o of an immigration process associated with the 
(^, 0)-superprocess. Let h = Pglds G B{E)'^. From the discussions in |2S] we know 
that {Qf )t>o has a realization {W,Q ,Qt,yt, Q'^ such that for any g G B{E)^ the path 
{Yt{g/\h) : t > 0} is a.s. measurable and locally bounded, hence Ys{g)ds can be defined 
a.s. by increasing limits. 

Theorem 4.6. Suppose that condition A4.17]) holds. Let {W, Q, Qt, Yt, Q^) be the real- 
ization of {Qi )t>o described above. Then we have 

= exp I - ;u(Mt) - ^ Sr{K,f,g)dry f,geB{E)^, 

where Ut{x) is dehned by A4.21]) and 

St{Kj,g) = Kt{f)+ f K,{g)ds- ! Kt.Mus))ds, t>0. (4.23) 
Jo Jo 

Proof. By Theorem 4.5 we have an entrance law H G K,{Q°) such that 

f (1 - e-'^(^)) HM^) = St{^, /), t > 0, / G B{Ey. (4.24) 

J M{E)° 
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Let be corresponding the Kuznetsov measure on W{M(E)). By ()4.24j) we have 
Q^(l-exp|-^i;i(/)- Ws{g)ds]) 
= limQ^(l-Q^^exp|-X,_,(/)-£ 'x,(^)ds}^ 



= lim Sr{K,Ut-r) 

where we have also appealed ()4.2H1 and ()4.23|1 to get the last equality. Then using the 
construction ()4.18j) we get 

Qo"exp|-ri(/)-^V,((^)ds} 

= exp I - y Q^(^l~ exp | - Wt-r{f) - Ws-r(fl')ds| jdrj 

= expj - y St_^(K,/,^)dr|, 

and the desired result follows by the relation Qj^ = * Qg. □ 



5 Almost sure behavior of Kuznetsov processes 

In this section we study the behavior of Kuznetsov processes near their birth times. 
The discussion is of interest in providing insights into the trajectory structures of the 
immigration process. Again, the lack of Feller property makes the proof a little bit longer 
than expected. Let {Qt)t>o be the transition semigroup of a 0)-superprocess. 

We shall need to consider two topologies on the space E: the original topology and 
the Ray topology of ^. We write E^ for the set E furnished with the Ray topology of ^. 
The notation M{Er) is self-explanatory. Let {P^)t>o be the semigroup of bounded kernels 
on E defined by 

P,'f{x) = PJ{Ct)exp[ - l\{Qds}, xeE, feBiE)+. (5.1) 
It is simple to check that, for any H G }C{Q°), 

itif) = [ y{f)Ht{du), t>o, fe BiEy, (5.2) 

Jm{e)° 

defines an entrance law 7 = {■yt)t>o for {P^)t>o. 
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We first consider a special cr-finite entrance law. Recall the general formula ()4.16|) . 
Let X & E and suppose 

[ (1 _ e--(/)) Lt{x, du) = Vtfix), t > 0, / G B{E)+, (5.3) 
Jm{e)° 

defines an entrance law L{x) G 1C{Q°). Clearly, {Pf{x, ■))t>o is a minimal entrance law 
for (Pj^) t>o, which may be given by ()5.2j) with Htidf) replaced by Lt{x,du). From those 
facts it can be deduced easily that L{x) G K,{Q°) is minimal. 

Theorem 5.1. Let Q^'^^^ denote the Kuznetsov measure on W{M{E)) determined by 
L{x) G /C(Q°). Then we have Wt{E) and Wt{E)-^Wt 4 in M{Er) as t i for 
Q^(^)-a.a. paths we W{M{E)). 

Proof. The results were proved in Li and Shiga [SH] for the case where {Pt)t>o is Feller 
and (j){x,z) = by a theorem of Perkins [SO] which asserts that a conditioned (^,0)- 
superprocess is a generalized Fleming- Viot superprocess. The calculations in [SH] are 
complicated and cannot be generalized to the present situation. We here give a proof of 
the theorem based on an /i-transform of the 0)-superprocess. The Ray cone for the 
underlying process ^ plays an important role in our proof. We shall assume that {Pt)t>o 
is conservative. The proof for a non-conservative underlying semigroup can be reduced 
to this case as in 

Let 7^ be a countable Ray cone for as constructed in Sharpe [SIl and let E be the 
corresponding Ray-Knight compactification of E with the Ray topology. Note that each 
/ G 7^ is continuous on Er and admits a unique continuous extension / to E. We regard 
M{Er) as a topological subspace of M{E) in the usual way. Since £' is a compact metric 
space, M{E) is locally compact and separable. For any fixed m > 0, 

f/[(/x, du) = ^(P^4)-V(P^,l)gt_,(/i, du), 0<r<t<u, (5.4) 

defines an inhomogeneous transition semigroup {U[)r<t on M{E)°. We define the proba- 
bility measure U^^^\dw) on W{M{E)) by 

U^^^\dw) = P^lix)-'wuil)Q''^^\dw). 

Then {wt : < t < u} under C/^^"^^ is a Markov process with semigroup {U[)r<t and 
one-dimensional distributions 

Htix, du) := P„H(x)"V(P„^^l)Lt(x, dz/), < t < m. (5.5) 

Since L{x) G 1C{Q°) is minimal, {Ht{x, ■))o<t<u is a minimal (probability) entrance law 
for [U[)r<t- Take f E TZ. By fl5.3|) - ()5.5|) and the martingale convergence theorem we 
have L7^(^)-a.s. 

Vtf{x) = [ {l~e-'''~f^)u{P^_,l)-'H,{x,du)Ptl{x) 
Jm{e)° 

= lim / (1 - e-'^(^)) uiPl.iy'U^Wr, du)P^l{x) 

= \imWr{P^_,l)-H^-eW{-Wr{Vt.rf)})Ptm- (5-6) 
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By (ini) and ^ it follows that U^^''^-a.s. 

Vtf{x) < liminf ti;,(P„^,l)-ip„^l(x) < liminf e2|l''ll"w,(l)-\ 

Note that Vtf{x) is right continuous in t > 0. Then letting t [ and / t cxd in the above 
inequality yields that U^^^^-Si.s. Wt{l) as t | 0. Since for each u > the measures 
L/^^^^ and Q^^""^ are mutually absolutely continuous on {w e Wo{M{E)) : > 0}, 

we obtain the first assertion. By the same reasoning as ()5.fij) we have Uf^^^-a.s. 

P^fix) = [ iy{fMl)-'H,{x,du)P^l{x) 

J M{E)° 

= limWr{PLl)-'wr{Ptj)P,h{x). (5.7) 

rj.0 

Clearly, L/^^^^ is absolutely continuous relative to Uf^^'^ for m > t > 0. Since / G 7^ is 
an a-excessive function for {Pt)t>o for some a = a{f) > 0, from ()5.H) and ()5.7|) it follows 
that C/^(^')-a.s. 

e-ll^ll*Pi/(a;) < liminf e(=^ll*ll+")*w;,(l)-^M;,(/). 

Take w G VFo(^(-E')) along which the above inequality holds for all / G 7^ and all rational 
t G {0,u]. Let Tfc = rfc(w) be a sequence such that J, and Wrfc(l)~^'?^rfc — ^ ujq in M{E) 
as /c oo, where i&o is a probability measure on E. Then we have 

e-"''ll*Pt/(x)<e(3ll''ll+")*^o(/). 

Letting t J, gives /(x) < wo{f), so we have wq = 6x. Those clearly imply Wr{l)^^Wr — > Sx 
in M{Er) as r I 0, and the second assertion follows immediately. □ 

Now we consider an /i-transform of the underlying semigroup {Pt)t>o- Let h{x) = 
P,l(a;)ds for x e E. Since h G B{E)+ is an excessive function for {Pt)t>o, the formula 

TJ{x) = h{x)-' [ f{y)h{y)Pt{x, dy), x e E, f e B{E)+, (5.8) 

defines a Borel right semigroup (Tt)t>o on E; see e.g. Sharpe |^. Let (Tf)t>Q be a 
conservative extension of (Tt)f>o to E^ := E U {d}, where d is the cemetery point. Let 
Ef) denote the entrance space of {Tf)t>o with the Ray topology. Let E^ = E% \ {d} 
and let (Tt)t>o be the Ray extension of (T^)t>o to E]j. Then (Ti)t>o is also a Borel right 
semigroups. Let k, G /C(P) be non-trivial and assume 

[ (1 - e-'^(^)) H.idu) = St{K, /), t > 0, / G P(i?)+, (5.9) 
Jm{e)° 

defines an entrance law H := Lk G IC{Q°). Let Q^*^ denote the corresponding Kuznetsov 
measure on W{M{E)). Then we have 
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Theorem 5.2. For w G W{M{E)) deGne the M{E]^) -valued path {hwt : t e M} by 

hwt{Ej) \ E) = and hwt{dx) = h{x)wt{dx) for x E E. (5.10) 

Then for Q^'^-a.a. w G W{M{E)), {hwt : t > 0} is right continuous in the topology 
of M{Ej)) and hwt ^ as t I 0. Moreover, for Q^^-a.a. w G W{M{E)) we have 
Wt{h)^^hwt 5x{w) for some x{w) G -Ej as t | 0. 

Proof. By the resuhs in Fitzsimmons if / ^ B{E) is finely continuous relative to 
(-Pi)t>0) then {wt{f) : t > 0} is right continuous for a.a. w G W{M{E)). Since the 
excessive function h G B{E)~^ is finely continuous, so is fh for any bounded continuous 
function / on E. It follows that {hwt : t > 0} is right continuous for a.a. w G W{M{E)). 
We may define a cumulant semigroup {Ut)t>o by Utf = h~^Vt{hf). Then {hwt : t > 0} 
is a Markov process with Borel right transition semigroup given by p.3p with {yt)t>o 
replaced by {Ut)t>o- Let E'^ denote the set E furnished with the relative topology from 
E]^. Applying the results in [TT] again we conclude that {hwt : t > 0} is right continuous 
in M{E'^) for a.a. w G W{M{E)). Therefore, {hwt : t > 0} is right continuous in M{E'^) 
for a.a. w G W{M{E)). Note that 



i){x,z) 



h{x) ^(plx, h{x)z) a X E E, 

iixeEl\E, 



defines a branching mechanism ■) on Ej). Let {Ut)t>o be the cumulant semigroup 
given by 

Uj{x)+fds[ ^{y,Usf{y))ft^s{x,dy)=ftf{x), t>0,xGi?S- (5-11) 
Jo Jet 

Then {Ut)t>o corresponds to Borel right transition semigroup {Qt)t>o on M{Ej)). For 
any t > and x G Ejj, the measure Tt{x,-) is supported by E, so Ttf{x) and Utf{x) 
are independent of the values of / on E]^ \ E. Indeed, if / = /|e for / G B{Ej))^, 
then Utf{x) = Utf{x) for all x E E. We may write Ttf and Utf instead of Utf and 
tJtf respectively. Clearly, the definitions of Ttf and tJtf can be extended to all non- 
negative Borel functions f on E hy increasing limits. As shown in j^EI; there exists a 
measure p G M{Ej)) such that Ht{f) = piTt{h~^f)) and St{n, f) = p{Ut{h~^f)). Then 
{hwt : t > 0} is a Markov process with transition semigroup {Qt)t>o and 

qL.^^ _ ^-HMD) = p(^Utf), t > 0, / G B{Eiy. 

Now the results follow by Theorem 5.1 applied to {Ut)t>o and (Tt)t>o- □ 
By ()4.14|) . we have an entrance law K := Ik E K}{Q) given by 

f e-'^(^)iri(dz/)=exp{-5i(«:,/)}, t > 0, / G (5.12) 
Jm{e) 
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It is easy to see that the restriction of K to M{E)° belongs 1C{Q°). Let Q'" denote the 
corresponding Kuznetsov measure on W{M{E)). 

Theorem 5.3. For Q^'^-a.a. w G W{M{E)), {hwt : t > 0} is right continuous and 
hwt — > p for some p G M{Ej)) as t | 0. 

Proof. We use the notation introduced in the proof of Theorem 5.2. Clearly, {hivt : t > 0} 
under Q'''^ is a Markov process with transition semigroup {Qt)t>o and 

Q^^exp {-hwtif)} = exp {-p{Uj)} , t > 0, / G B{EI) + . 

Thus the assertions hold by the uniqueness of transition probability. □ 

Finally, we consider the path behavior of the Kuznetsov process determined by a 
general entrance rule. Let {Jt)teM be an entrance rule for {Q°)t>o satisfying 

ds [ u{E)Js{du) < oo, r<teM. (5.13) 

Jm{E)° 

Then we may assume that {Jt)teiR is given by ()4.2|) with the entrance laws {{Hs^s^t)t^o : 
s e IR} taken from /C(Q°). 

Theorem 5.4. In the situation described above, for Q^-a.a. paths w G W{M{E)) the 
process {hwt : t G M} dehned by l\5.1(]\) is right continuous in M{E]^)° on the interval 
{a{w), l3{w)) and hwt hwa for some hwa G M(i?J) as t I a{w). Moreover, for -a.a. 
paths w G W{M{E)) with hwa = 0, we have Wt{h)~^hwt Sx{w) for some x{w) G Ej) as 
t i a{w). 

Proof. Let be the Kuznetsov measure on W{M(E)) corresponding to an entrance 
law H G }C{Q°) represented by (j4.16j) . Then we have 

Q^{dw) = Q^'^idw) + I Q^'^{dw)F{dr]), w G W{M{E)). 

Jk.(p) 

By Theorems 5.2 and 5.3, for Q^-a.a. w G W{M{E)) the process {hiVt : t > 0} is right 
continuous in M^Ej^) and hwt — > hwo for some hwo G M{E]^) as t | 0. Furthermore, for 
Q^-a.a. w G W{M{E)) with hwo = 0, we have Wt{h)~^hwt — *■ 8x(w) for some x{w) G E'^ 
as t I 0. Then the desired result holds by the representation (|4.3|) of the measure 
□ 

Clearly, ()5.13|) is satisfied by the entrance rule {GtjteiR in Theorem 4.3. The following 
example shows that the consideration of {hwt : t > 0} is necessary if one hopes to get the 
right limit of the path at a = a{'w) in the usual sense. 

Example 5.1. Suppose that ^ is the minimal Brownian motion in a bounded domain 
D C M!^ with smooth boundary dD. We also use d to denote the inward normal derivative 
operator at dD. For any 7 G M{dD), define {Gt)t>o by 



/ 

Jm{d)° 



(1 _ e-(/)) Gtidu) = r (1 - exp {-^{dV^.J)}) ds, f G 5(D)- 

^0 
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and set Gt = for t < 0. Then {Gt)teiR form an entrance rule for the 0)-superprocess. 
By simple modificatfons of the proofs of Theorems 5.3 and 5.4 one may see that Wa+{D) = 
oo and Wa+{K) = for all compact sets K C D and Q'^-a.a. paths w G W{M{D)). 

6 Stationary immigration processes 

The immigratfon processes formulated by SC-semigroups are closely related with the 
theory of excessive measures; see e.g. Fitzsimmons and Maisonneuve [TBJ|, Getoor 
and Dellacherie et al [U] . In this section, we give formulations of some results on excessive 
measures in terms of stationary immigration processes. 

We first consider the semigroup {Qt)t>o of a general Borel right MB-process. Given two 
probability measures Fi and F2 on M{E), we write Fi ^ F2 if there is some probability G 
such that Fi * G = F2. Let S*{Q) denote the set of all probability measures F on M{E) 
such that 



and FQt ^ F for all t>0. We write F G S*{Q) if F e £*{Q) is a stationary distribution 
for {Qt)t>o^ and write F G S*{Q) if F & £*{Q) and \mit^c>o FQt = Sq. Clearly, we have 
6q G S*{Q), but there can be other non-trivial stationary distributions although we are 
considering the state space M{E). 

Let £{Q°) denote the class of all excessive measures F for (Q°)t>o satisfying 
Let £i{Q°) be the subset of £{Q°) comprising invariant measures, and Sp{Q°) the subset 
of purely excessive measures. The classes S{Q°) and S*{Q) are closely related. Indeed, 
F G £*{Q) is infinitely divisible if and only if F = J(p, J) for p G M{E) and J G £{Q°) 
satisfying 



Under the condition (j4.17p . F G S*{Q) is infinitely divisible if and only if F = /(O, J) for 
some J G £iQ°). 

The following theorem shows that S*{Q) is identical with the totality of stationary 
distributions of immigration processes associated with X. 

Theorem 6.1. Let F G S*{Q). Then it may be written uniquely as F = F^ * Fp, where 
Fi = limt^oo FQt G S*{Q) and Fp G £p{Q)- Moreover, there is a unique SC-semigroup 
{Nt)t>o such that limj^oo Nt = Fp. 

Proof. Let {Nt)t>o be the distributions on M{E) satisfying F = {FQt) * Nt. By the 
branching property of the semigroup {Qt)t>o one checks for any r > and t > 0, 




(6.1) 




and 




(6.2) 



(FQr+t) * N, 



r+t 



F = (FQt) * Nt = {[(FQr) * Nr]Qt} * Nt 

(FQr+t) * (NrQt) * Nt. 



(6.3) 
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It follows that {Nt)t>o satisfies the relation ()1.4|) . so it is an SC-semigroup associated with 
iQt)t>o- By the definition of S*{Q), we have FQr+t ^ FQt, so the following limits exist 
and give the Laplace functionals of two probability measures Fi and Fp-. 

LpXf)=]\^^LFQ,{f), L^^(/)=ilimL^,(/), feB{Ey. (6.4) 

Clearly, Ft e £*{Q) and F = Fi* Fp. On the other hand, 

F,*Fp = F= (FQt) *Nt = F,* (FpQt) * iV*, 

so Fp = (FpQt) * Nt. Therefore Fp G £*{Q) and limf^oo FpQt = Sq. The uniqueness of the 
decomposition is immediate. □ 

It is well-known that any J G S{Q°) has the Riesz type decomposition J = Ji + Jp, 
where Jj G £i{Q°) and Jp G £p{Q°) may be represented as Jp = Hfdt for some 
H G K,{Q°). Let be the Kuznetsov measure on W{M{E)) determined by J and let 

{dw) be a Poisson random measure with intensity {dw). By Lemma 4.1, 

F/ := / WtN\dw), teM, (6.5) 

defines a stationary immigration process with one-dimensional distribution /(O, J) which 
corresponds to the SC-semigroup {Nt)t>o given by ()4.19|) . The Kuznetsov measures de- 
termined by Ji and Jp are restrictions of to {w G W{M{E)) : a(w) = — cx)} and 
{w e W{M{E)) : a{w) > — oo}, respectively; see Fitzsimmons and Maisonneuve [13]. It 
follows that 

Y}"^ = [ Wtl{a>-oo}N'{dw), t e M, 

Jw{M(E)) 

defines a stationary immigration process having one-dimensional distribution /(O, Jp) and 

SC-semigroup {Nt)t>o- Intuitively, {1^/''^ : t G M} is the "purely immigrative" part of the 
population. On the contrary. 



V-/'^ = / Wtl{c.=~oo}N\dw), t e M, 

Jw(M(E)) 



'W{M{E)) 

is a stationary (^, 0)-superprocess with one-dimensional distribution /(O, Jj), which rep- 
resents the "native" part of the population. 

The immigration process defined by ()6.5|) is usually not right continuous, but it may 
have right a continuous modification. For w G W{M{E)), we set 

_ J limsitWs if the limit exists in M{E), , , 

I if the above limit does not exist in M{E), 

and define the process {Y/ : t G M} by 

Y/ = I wt+N\dw), t e M, (6.7) 

Jw(M{E)) 
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Then Y/ = Y/ a.s. since Q'^{wt+ ^ Wt} = Q'^ia = t} = 0; see [12]. In other words, 
{Y/ : t e J?} is a modification for {Y/ -.telR}. 

Theorem 6.2. Suppose {Qt)t>o is the transition semigroup of a (t>)-superprocess. (i) If 
J e £i{Q°), then {y/ = y/ : t G iR} is a.s. right continuous, (ii) If J e £p{Q°) is a 
measure potential, that is, 

[ (l-e~"(^VW 
Jm{e)° 

poo f- 

= ds (l-exp{-z/(K/)})G(dz/), feBiE)+, 

Jo Jm{e)° 

where v{l)G{dv) is a finite measure on M{E)° , then {Y/ : t G M} is a.s. right continuous. 

Proof. Since (i) is simple, we only give the proof of (ii). For /c = 1, 2, ■ ■ ■ let 

Wk{M{E)) = {we W{M{E)) : Wa+{E) > 1/k}. 

By the results in [13j, the path {wt+ : t G IR} is right continuous for Q'^-a.a. w G 
W{M{E)) and Q'^{[U^^^WklM {E))Y) = 0. Let 

yf ^ = / Xtiw, ■)l{^^^)>.k}N'{dw), t G R. 

JWk{M(E)) 

Clearly, {Ff ^ : t > -k} is an immigration process corresponding to the SC-semigroup 
{Ni^^)t>o given by 

I e-^(^)iVf (dz/) 
Jm(e) 

= exp{- f ds [ (l-e-^(^»^))l{,(,,)>i/fc}G(dz/)|. 

Jo Jm(e) ^ 

Observe that for each / > —k the process {y/'^'' : —k < t < /} is a.s. a finite sum of right 
continuous paths and F/'^'' Y/ increasingly as A; — > oo, so the result follows as in |2E]. 

□ 

Theorem 6.3. Suppose {Qt)t>o is the transition semigroup of a (j))-superprocess. Let 
J G £{Q°) and let {Y/ : t E R} be defined by For each r > 0, let 

y/'^= [ Wtl{t>a+r}Nidw), teR. 

Jw{M{E)) 

Then {Yp-^ -.teR} is an a.s. right continuous stationary immigration process and 
Yp"^ — > y/ increasingly a.s. as r J, for every t E R. 
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Proof. Clearly, jg° E S{Q°) and 



jg° = J, + JpQ° = + / i/.Q^ds. 

Jo 

Using ()4.H) one may check that the Kuznetsov measure on W{M{E)) determined by 
JQ° G S{Q°) is the image of under the mapping {wt : t G IR} ^— {wtl{t>a+r} '■ t G IR}. 
It follows that {F/-^ -.te R} is a stationary immigration process corresponding to JQ°. 
By Theorem 6.2, {F/"' : t G iR} is a.s. right continuous. The second assertion is 
immediate. □ 
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